TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 249, Number 2, May 1979

THE BERGMAN NORM AND THE SZEGO NORM
BY
SABUROU SAITOH

Dedicated to Professor Yusaku Komatu on his 65th birthday

ABSTRACT. Let G denote an arbitrary bounded regular region in the plane
and H,(G) the analytic Hardy class on G with index 2. We show that the
generalized isoperimetric inequality
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holds for any ¢ and y € H,(G). We also determine necessary and sufficient
conditions for equality.

1. Introduction. Let G denote an arbitrary bounded regular region with
boundary contours {C,}¥_, in the plane and H,(G) the analytic Hardy class
on G with index 2. Then, in the case of simply-connected regions G,
Aronszajn [1] obtained the inequality
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for any ¢ and ¢ € Hy(G). His proof is based on his general theory of
reproducing kernels. In this paper, we show that the same inequality is valid
for arbitrary bounded regular regions G by combining Aronszajn’s techniques
with a profound result of D. A. Hejhal [5].

The main inequality is given in §2; the equality statement is established in
§3. In §4, we give a generalization of the inequality for the case of simply-
connected regions G. In §5, using the main inequality, we derive several
miscellaneous relations among the magnitudes of some extremal quantities in
the Bergman and Szegd norms. These relations lead to a general and sharp
solution for a problem of Sario-Oikawa. In §6, we discuss the existence of a
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doubly-orthogonal system for the Bergman and Szeg6 spaces. Finally, in §§7
and 8, we construct examples which show that certain generalized versions of
the fundamental inequality are not true.

2. The main inequality. Let F denote the class (the Bergman space) of
analytic functions on G such that

1/2
||f||=(f,f)‘/2=(f6f |f(z)|2dxdy) < .

Then we obtain the following inequalities:

THEOREM 2.1. Any f € F can be represented by a series
1@ =2 9@y (4 € H(6) @1
and the inequality
. [ er

< mm? % # LG ‘Pj(zl) P (21) |d21|j;6 ‘Pj(zz) Yi(22) ldz,| (2.2)
is valid. The minimum is taken here over all analytic functions % ;@;(z,)y;(z,) on
G X G satisfying (2.1).

Conversely, if the jk sum in (2.2) is finite, then the function f defined by the
series (2.1) belongs to the class F.

In particular, for any ¢ and y € H,(G), we obtain the inequality

NIEUOTOELS

1 1
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PROOF. Let K (z, it) and K(z, i1) denote the Bergman kernel and the Szegd
kernel of G, respectively. Let {Z,(z)dz}Y_! denote the basis of analytic

v=1

differentials which are real along dG such that
zZ@)=-[ KG&H&=[ LG )&, (24)
(ol C,

where L(¢, z) is the adjoint L-kernel of K (¢, 2) (cf. [2, pp. 59-62] and [14,
Chapters 3 and 4]). Then the identity

K(z, i) =42k (z, i)+ 3 C,, Z,(4) Z,(2) (2.5)

is well known for some uniquely determined constants {C,,}. D. A. Hejhal [5]
established the positive definiteness of the real symmetric matrix ||C,,|| by
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means of the theta function. Hence
k(z,#) =2 X C,Z,(u) Z,(2)
v oop

is a reproducing kernel in the finite-dimensional class F, which is generated by
{Z,}V . See [1, pp. 346-347). The scalar product is given by

m=3 T i,

for f(z) = 2,$,Z,(z) and h(z) = Z,1,Z,(z), where the constants a,, are
determined by the (N — 1)(N — 1) equations

2 a, Gy =9,
Jj

By the definition in [1, p. 354], we have:

K(z @) > (2V7 R(z @) (2.6)
Let F, denote the Hilbert space such that QVrw K(z, w))? is the reproducing
kernel of the class F; with norm || ||, and inner product (, ),. Then from
Theorem I in [1, p. 354] and (2.6), we have
F cF 2.7
and
Al > LAl forany f, € F,. 298)

For clarity, we recall the structure of F,. At first, 2Vr K(z, @) is the
reproducing kernel of class H,(G) with the scalar product

(s Wo= 7= [ JCFG) lde| fors, h € Hy(G).

If this Hilbert space is denoted by F,, then QVr7 K(z, w))? is the reproducing
kernel of the space F, which is formed by restricting the functions in the
direct product F; = F, ® F, to the diagonal set D formed by all the elements
{(z, 2): z € G). Furthermore, for any such restriction f € F,, the norm || f ||I
is defined by min||k||; for all h € F,, the restriction of which to D is f [1, p
361, Theorem II]. Here || ||; and (,); denote the norm and inner product in
the direct product F,, respectively. On the other hand, the space F must
coincide with the class corresponding to the kernel K(z, #) when it is
considered as the sum of the kernels V7 K(z, #))? and k(z, @); see [1, pp.
352-357]. It follows that any f € F is representable in the form

f(2) = 2 & (20 (2) + 2 42,(2)

for some (pl, lk, € H)(G) and for some constants {4,}. Thus, f can be
represented in the form (2.1). At first, the limit 3 Itp,(z)x[/l(z) is taken here in
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the sense of norm convergence:

~

Jim =0 forsomef, € F,.

il @(Zl)‘n@'(zz) — fo(2y, 23)
j=

But this convergence implies also that the sequence {2}_,@.(2,)@(22)}
converges uniformly on_every compact subset of G X G in the ordinary
sense, lim, , . 37_,¢,(z))¥;(z) = fo(z), 2)- See [1, pp. 391-393 and p. 344].

Using (2.1), (2.8) and the definition of the norm in F; [1, pp. 357-361]}, we
now obtain the desired inequality

IF@IF < (1£ )1
= mi 1 2) 9.(2) (2) % (2) .
=min 3 3 7o [ 0@n@ 4l [ 4@ RE) . @9)

3. Equality statement. In this section, we shall establish the following
equality statement:

THEOREM 3.1. In the fundamental inequality (2.2), equality holds for f € F if
and only if

(L o)y=0 forallf, € F,.

In the inequality (2.3), equality holds for ¢ and ¢ € H)(G) (¢ Z 0), if and
only if G is simply-connected and @ and  are expressible in the form
o(2) = aK(z, ) and Y(z) = BI? (z, u) for some point u € G and for some
constants a and f3.

PROOF. The space F is the class corresponding to the kernel K(z, u) which
is considered as the sum of the kernels 2Vr K(z, #))* and k(z, it). Hence the
norm |||l is equal to [min((|lfyll)? + (I fsll))]"/% where the minimum is
taken over all decompositions f = f, + f, with f, € F, and f, € F, [1, pp.
354-355]. Therefore we see that equality holds in (2.2) if and only if f = f +
0; f € F, and 0 € F, is the extremal decomposition of f. Hence, from the
fact F, C F,, we obtain

A2 < (1f = Mall)*+ (IVall)?

for any A and f, € F,. From the equality || f|| = || f||, and arbitrariness of A,
we have the first part of Theorem 3.1, as usual.
Next, in order to establish the equality statement for (2.3), we observe that
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7 [ yeras
<min 2 Z o [ anE el [ R 61
min 3 3 o5 [ e nG el [ bW |
o fo P lanl [ ()P (3.1)

for f = ¢. The minimum is taken over all analytic functions = ,¢;(z/)¥;(z,)
on G X G which reduce to ¢(z)y(z) along the diagonal. Of course, ¢; and
¥; € Hy(G).

If equality holds in (3.1b), then @(z,)¥(z,) is the extremal function which
minimizes || f(z,, z,)|[; among all the functions f(z,, z,) = Z,¢,(z))¥;(z)) €
F, such that f(z, z) = @(2)y(2) on D. Let F, .p(0 denote the closed subspace
formed by all the functions of Fl which vanish on D. Then we see easily that
@(z,)¥(2,) is characterized by the following orthogonality condition:

(p(21)¥(22), f (21 z;)); =0 forallf Eﬁl,D(O)' (32)

At first, by setting f(z,, z,) = K(z,, ®)K (25, ) — K(z,, 0)K (25, @) (4, v €
G) in (3.2), we find that ¢ and ¢ are linearly dependent. Hence we can
assume that (2 = ¥(2z) in 3.2).

Next, let L(z, u) denote the adjoint L-kernel of K(z, @). The L(z, u) is
meromorphic on G, has one simple pole at z = u with residue 1/2# and has
no zeros on G. Furthermore L(z, u) = — L(u, z) and L(z, u) has the follow-
ing important property on 4G:

K (z,u)|dz| = i~'L(z,u) dz along 3G. (33)
Cf. [2], [SH8).

Hence, for any # and v € G and for fixed a € G, from (3.2), we have.

If(z,, 5)13(2,, 17)13'(22, o)
l:(zl’ a)

?(2)9(22),

I?(z,, &)Ii’ (2 17)13' (20 0) |’
L (25 a)

=0; (34
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that is,
#o) [ _#(z) (Z'L.‘Z :; -9 ] =
-9(@) [ _9(z) K(zzgzK‘f)zz’ 6)] ldzy =0 forallu,v € G. (3.5)
2

Using the relation (3.3), we now obtain

1 ‘P(zl)l: (210 a)l:(z,, u)
"’("){ 7L R (21, @) dz'}

_ 1 ‘P(zz)i (22 “)I: (22 0) _
(p(a){ i fa . ) dzz} 0. (3.6)

We let {a,}Y=}! denote the zeros of K(z, ) on G and assume that they are

simple. The other cases require only a slight modification. From (3.6), by the
residue theorem, we obtain

L@,al@,u)  e@L@w e@Ly a)}

®(a,
“”"’){2"2 K'(a, @) £ (4, 3) R (4, a)

¢(a,)L (a,, v)L(a,, v) + p(1)L (u, 0) N 9(v)L (v, u)
K'(a,, @) K (4, @) K (v, @)

- q)(a){Zvrg

=0 forallu,v (#a,a,)€E G. (37
Choose any ¢, € H,(G) such that

faG P(0) @o(v) |do] =0, @ =0.
We may assume that @y(v) is a rational function. Then from (3.7), we have
[ P(0)L (v, )
G  K(v,a)
We assume here that ¢(a) # 0 and recall that

@o(v) |dvo]| =0 forallu € G. (3.8)

faoﬁ(o, u) F(v) |dv| =0 forallf € Hy(G)andu € G.
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From (3.8) and (3.3), we have

[ "”‘”’W {E’(v, “) Z=0 forallu€d.
3G K (v, a)
Since the family {If (v, w)|u € G} is complete in H,(G), we obtain
f W Po(v)
G K (v, a)
Hence from the theorem of Cauchy-Read, there exists an F € H,(G) such
that

f(v)dvo =0 forallf € H,(G).

‘P—(';)_ ®o(v)
K (v, @)

= F(v) a.e.ondgG,

or

( e(®) | _ F(v)
K (v, @) 9o(v)
Since ¢ € H,(G) and K (v, @) # 0 near 3G, a modified form of the Schwarz
reflection principle shows that both ¢(v) and F(v)/@y(v) can be extended

analytically across 9G. See [6, p. 145] and [9, Chapter 4].
Furthermore, from (3.9) and (3.3), we have the relation

@o(v) @(v) |dv| = i~! F(v)L(v,a)dv ae.alongdG.  (3.10)
Note that F(v)L(v, a)/@y(v) has a finite number of poles in G. Hence

a.e. on 9G. 3.9)

JOTIONLIED IR AN
for all f € H,(G) and for some points p, € G. (3.11)

The X,, are constants which are independent of f. Thus we have the following
expression for ¢:

B'Ie(v, 7):)
ap’ )

M

(0) =3 % X, (3.12)

Using (3.12) and the identity

=0

R(z,2)’ + R (2 2) )

(*P(zn)*P(Zz)’ K (2, 2)K (2, 7) - 2

forallz € G, (3.13)
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we obtain
'K (2,8,)
22X, =
[P % " app
3 (I? (z, in”))
- (g xo”) S 5 X 7 (3.14)
Hence from (3.3), we have
N 2
0’L(z,p,)
X —_—
(2 2 X %Py
. 3 (L(z,p,))’
-z s =22 G
o P ap,‘,

At first, by comparing the orders of the poles at each P> We see that X,, =0
for » # 0. Hence we have

2
_— A - -/ 2
(% Xou L(z, p”)) = (2 XW)(Z” Xow (L (2, p,7)) ) (3.16)
» »
Therefore we have
X3, = (2 Xow )XO” for all p. (3.17)
"

Hence we have the result that @(z) = CK(z, #) for some constant C and for
some point u of G.

We have thus proved that equality holds in (3.1b) only if @ and ¢ are
expressible in the form ¢(z) = aK(z, @), ¥(z) = BK(z, &) for some constants
a and B, and for some point u of G.

Since 47K (z, £ is the reproducing kernel for F,, we know that

(2.(2), 42K (=, z)’)]= Z,@) forl<r»<N-1L

We also know that equality holds in (3.1a) if and only if (¥, f,), = O for all
S, € F,. Equality in both (3.1a) and (3.1b) will therefore imply that Z,(u) = 0
for all ». But, there is no point of G for which all the Z,(z) vanish
simultaneously; see [S, p. 75]. Hence: equality in (2.3) is possible only if G is
simply-connected.

For simply-connected G, our assertion is already clear. We have thus
completed the proof of Theorem 3.1.
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In the above proof of Theorem 3.1, we are able to see some interesting
results and miscellaneous problems for the products of the kernels. Further
discussion and results for the products of reproducing kernels will appear
elsewhere.

In addition, by setting P,, = [ ¢, Z,(2) dz, we obtain the following interes-
ting theorem. Compare [S, Theorem 39]:

THEOREM 3.2. The matrix ||a,, + P,,|| is positive definite.

PRrOOF. Indeed from the fact K (z, u) > k(z, u), we have

LAl < Il forallf, € F, (3.18)
and hence, for any {d,}

2
[/ |2 4z,@)| ey <3 % a,,d, d,. (3.19)
G v [
Further we see that equality holds in (3.19) for f, if and only if
(f»f),=0 forallf € F,. (3.20)

Therefore we see that for f, = 0, equality in (3.19) does not happen.

We note that by virtue of the conformal invariance of (2.5), all our
propositions are conformally invariant. In particular, we note that our
propositions are also valid in the case of unbounded regular regions G, if we
consider the restricted class of H,(G) such that { f € Hy(G)|f(z) = O(|z|™")
forz —» oo}.

4. Generalizations in simply-connected regions. For any Positive continuous
function p on 3G, we consider the weighted Szegd kernel X (2, &) of G which
is characterized by the following reproducing property

f(u) =j;Gf(z) Ii'p(z, u) p(z) |dz| forallf € H,(G).
The kernel pr (z, u) was investigated by Z. Nehari [7], [8] (cf. [6, pp-
121-126]). We now obtain

THEOREM 4.1. Let G be a simply-connected regular region. Then: for any
positive continuous function p on 3G, we have

7 JJ oG ax &

) % faG lo (I pl)le| % fa . ()P (p(2)) " ||

Jorany 9,4 € Hy(G).  (41)

Equality holds if and only if @ and  are expressible in the form ¢(z) =

aK,(z, u) and Y(z) = BK,-.(z, u) for some constants a and B, and for some
point u of G.
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PROOF. Let H be an analytic function on G such that |H (z)]* = p(z) on 3G
and H (z) has no zeros and poles on G. We note that inequality (4.1) is clear
from the proof of Theorem 2.1 and the identity K(z, u) =
47K (2, 17)1? -1 (z, u). From the inequality

¢()

dx &y

= ffi (2)H(2)

1 ¥ [

2 1
<3 L wemeri o [ || e

and the identities
R (z,u) = K(z, @)/ (H(z) H(w)) and K,-(z, @) = K(z,0)H(z) H(w)
we immediately obtain the desired result.

COROLLARY 4.1. For any regular region G and for any positive continuous
function p on 3G, we take a meromorphic function M on G such that |M (z)]* =
p(z) on 3G and M (z) has the zeros and poles at {a,, a,, . .., ap} and {b,,
by, . .., by}, respectively. Here each zero or pole is repeated as many times as
its order indicates. Then we have

L [] oW F dx &

<3 [ lw@Fp@lded 5 [ WP ()

for any @,y € H,(G) such that pM,yM "' € H,(G). (4.2)

Equality holds for ¢ = 0 if and only if G is simply-connected and ¢ and
are expressible in the form @(z) = aK,(z, u) and Y(z) = BK,-(z, u) for some
point u of G, and for some constants a and B.

Concerning the existence of the functions M in Corollary 4.1, Nehari [8]
established that for any p, such functions M always exist and, in fact, we can
assume that P + Q < N — 1, when G is N-ply connected.

5. Comparison of extremal quantities. As an application of the fundamental
inequality (2.3), we shall examine some relations among the magnitudes of
extremal quantities in the Bergman space and the Szegd space. Let {o;}; and
{7;}, denote the complete orthonormal systems which are obtained by the
Gram-Schmidt process from the sets { K(z, #;)}; and {K (2, u)};, respectively.
Here {u;}72, is any point set of G such that lim; ,,, ; = u, (for some 4, of G)
and 4; * u, forj #* k. See [6, pp. 56-62]. For any (p and Y € Hy(G), we set

?(2) =3 an(2), () =2 br(2)



THE BERGMAN NORM AND THE SZEGO NORM 271

and
(W) =2 2 aber(ey(z) = 2 6o(2).
J Jj
By setting z = u,, we have the relations
S gom) = 2 an)( S sr0)
Jj<n Jj<n Jj<n
or
S oo = (2 anm)( T brw)
Jj<n Jj<n j<n
fork=1,2,...,nand any fixedn > 1. (CN))

We note that 0;(1) = 7,(%) = 0 for any pair (j, k) such that j > &k > 1.
Since the function X;.,¢;0,(2) is the uniquely determined extremal function
which minimizes the Bergman norm in the class {f € F|f(u) =¢; k=1,
2, ..., n}[6, p. 115], equation (5.1) implies that

Lsor-1 /|3

j<n

2
Go,(2)| dx

3

j<n
2

I} ( ~'r,(z))(j§n b)) ax

2
1
3 fa . IE,. am(2)

=1|--

2
bimi(2)| ldz|

1
|dz| 5~

- L (= 1af)( = 1e0) 52)

Jj<n Jj<n

We thus obtain

THEOREM 5.1. For any n, the values {o;(u)} and {7;(w)} (U, k < n) satisfy
the following property: for any constants {a;}, {b;}, and {c;} satisfying the
condition (5.1), we have

47 Y |gP <( > |aj|2)( > |bJ]2) fork=12...,n. (53)
j<k j<k j<k

By considering the function
1(2) = 1 (2)ra(2)/ i (,)ma (1)
and using the extremal property of o,(z) [6, p. 61], we deduce:
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COROLLARY 5.1. For any k < n, we have
h&(%JP > 4”h}(%JP|Tk0%M%
Equality holds if and only if G is simply-connected and n = 1.

We shall examine another type of complete orthonormal system. For any
fixed u € G, let {G}; and {7}, denote the complete orthonormal systems
which are obtained by the Gram-Schmidt process from the sets

VK (z, i) |7 ¥R (z, i) |
— and | ———— )
3w/ ! , o/ ! .
Jj=1 Jj=1
respectively. Then from a modification of Theorem 5.1, we obtain

THEOREM 5.2. For any n, the values {*(u)} and {7*Xu)} (j, k < n) satisfy
the following property :

S 65000 = L [( S i) = biw)

Jj<n Jj<n Jj<n

for0< k<n-—1 (54)
implies
4 3 |g? <( > Iajlz)( > ij|2) for1<k<n-1. (55
Jj<k Jj<k Jj<k
COROLLARY 5.2. For any k < n, we have
2 2
n—1 - ~ 2 dn—l ~
dun_l an(u) > 47"7’((“)' du,,_] Tn(u) .

Equality holds if and only if G is simply-connected and n = 1.
Taking n = k = 1 in Corollaries 5.1 and 5.2, we have

47
K(u, ) < 477ff

G

4

dedy < ——, (56)
K (u, @)

K (z, i)
K (u, i)

which can be considered as a sharp form of the Sario-Oikawa problem [13, p.
342]; cf. also [5] and [15]. We remark that (5.6) implies the following estimate
of the constant C, , in (2.5) in the case of a doubly connected region G:

cu<t/ [f 12, ax & (57)

6. Existence of doubly orthogonal systems. As typical complete orthonormal
systems in the Szegd space, we shall consider the systems {7;} and {7}
defined in §5. In connection with Theorems 5.1 and 5.2, it is natural to ask
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whether these systems have the following double-orthogonality property:
T = | | 52y (@) @) de by =0 ©1)
and
I Guresrr = fcf (2)7,(2) ()T (2) dx dy =0

for (j, ') # (k, k') and (K, k), (6.2)
respectively.
In the case of simply-connected regions G, we shall show that (6.2) is valid.
We assume thatj + j° > k + k’. From the construction of {7}, we can set
as follows:
I vR@E)
7i(z) = 20 dp —=— (>, (63)

for some constants {A},,,}. For simply-connected regions G, we have the
following identities:

3K (z, i) 1 "K (2, it)
du” dr(n + DK (z,i) 3"

(n>0) (64)

and

1 0"K(z,u) 0"K(z, u)

K (z, u)’ " o™
dn(n + 1) (m+ 1)! 3"*"K(z, i)
i Pyr— 1 = (n,m > 0), (6.5)

as is easily seen. Hence from (6.2), (6.4) and (6.5), we have

IGnwmn = [ [ #(2)(2)
G

y » Ay Ay n!m! 3""""-K(z, u) ix &,

0<n<k—1 0<mek—1 4m(n+m+ 1) duntm
Since 7;(z)7:(z) has at least a zero of order (j — 1) + (' — 1) at z = u, we
have the desired result.

In the other cases, we find that equations (6.1) and (6.2) are not, in general,
valid, by means of explicit computation. This fact seems to imply a serious
difficulty in any proof of Theorem 2.1 which does not use the general theory
of reproducing kernels and the positive definiteness of || C,,||.
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7. Rudin kernels on doubly connected regions. In this section we shall show
that Theorem 4.1 is not valid, in general, for the case of multiply connected
regions G. In particular, we show that Theorem 4.1 is not valid in a typical
case of p(z) = 9g(z, )/ 9 in a doubly connected region G. Here g(z, ¢) is the
Green function of G with pole at + (EG) and d/9dv the inner normal
derivative with respect to G.

Without loss of generality, we asssume that G = {Vgq < |z| < 1/Vq}
(0 < ¢ < 1) and we set

Ko, (2, @) =27K,(z, @) and K, ,(z, &) = 2aK,\(z, ),
respectively. Then, after setting Z,(z) = 1/iz, we have the following
identities:

Ko, (2, 0)Ky, (2, ) = 7K (2, ) + Dy, (1) Z,(u) Z,(2) (7.1

and
Ly, (2, u)L, (2, u) = mL(z, u) — Dy, (0Z, (“)Zl (2), (72)
for a uniquely determined real D, (¢) which is independent of the variables z

and u. Here L, ,(z, u) and L, ,(z, u) denote the adjoint L-kernels of K,(z, u)
and K ,(z, u), respectively. Taking = ¢ in (7.1) and (7.2), we have

Ky (z,t) = 7K(z,t) + Dy, () Z, (1) Z,(2) (73)
and
— Ly (2, )W'(z2, t) = wL(z, ) — Dy, ()Z,(H)Z,(2). (7.4)
Here we have used the following facts:
- ag(z, ¢
Ko,(2,t)=1 and Ly, (z,0) = —Zg(Tzz)— =-W(z,t) [11].

Let ¢, denote the unique critical point of g(z, ). By setting z = ¢, in (7.4), we
obtain

D,,(¥) = 7L(t), 1)/ Z, (t)Z, (1,). (7.5)

We claim that L(#,7) #0 for all # € G. Indeed from the identities
W'(t,(t), ©) = 0 and

_ 9 3%(z,u) 5 0%(z,u)
K(z,u)= - P _—_azaa s L(z,u)= — v azou

(cf. [14], [2]), we have

ot
w"(1,, 1) a—t' -7 Lnn=0 (7.6)
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and
1’ t_ 4 1

From the symmetry of the Green function, we see that if t € (Vg , 1/Vq),
then 1, € (—=1/Vq, —Vq) (cf. [10]). Hence we have L(t,, f) =K (t,, ) for
real ¢ and so L(t,, ) = exp(—2i arg 1)K (¢,, 1), in general. Suppose that L(t,,
t) = 0 and hence at the same time K (,, f) = 0. Then from (7.3) and (7.5), we
have

Ky, (6 1) = K (1) =0.
Further we have
L (t,t))=—Lo(t,, 1) = W'(1,,£)=0 [11].
But, in general, from the relation
i~'L, (z, w)K,,(z, #)dz = |L, (z, u)|* idW (2, t) along dG,

we see that the function L, ,(z, u)K, ,(z, u) has precisely one zero on G. Here
any zero on the boundary is to be counted with half its multiplicity in this
enumeration. We thus have a contradiction.

Here we should incidentally remark that L(z, ¢) has at least one zero in G
always, as we see by the application of the maximum principle to the
function

F(z,1) = K(2,t)/L(z,t), |F(z, 1)) =1 ondG.

This fact leads us to the conjecture that the number of the zeros of the
Bergman kernel K{(z, #) is at most N — 1, when G is N-ply connected (cf.
(16)).

Now we shall show that D, ,(¢) is positive in G. Since L(¢), t) #* 0 for all
t € G, it is sufficient to prove this fact for a special ¢, say ¢ = 1. In that case,
t; = — 1. We shall prove that L(—1, 1) > 0 directly.

Recall the representation

= —Rel 1 _loge \/5 _‘/2
g(z, ¢) Re[ 2 log ¢ Tog 2 logz+log( - p, )

o3 el 2)0-9))

v=1

_ § log{(l _ q2v—lcz)(1 — ! é)}] (7.8)

y=]
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[3, pp. 386-388]. By direct computation, we get

2 1 1 1
L(:; C) - ; -— Iogq 2ZC + 2(2 _ c)z

1§ a2/ +q”/22 — 4g%/zc + ¢%/ + g%/

2.5 (- g¥ 2/ - g% ¢/2)
_ % § _qb—l - qb—l/czzz + 4q4l—2/cz - q6r-3 : qsr-a/czzz (7.9)
»=1 (1 - g '2e)’(1 - ¢~ (z0) ")
and
L(_l 1) = l 1 + l ) 2q2v + 4q4v + 2q6v
m [ logg 4 < a+ qzy)4
0 2q2v—l + 4q4r—2 + 2q6r—3
+> —
v=1 (l +gq '_I)
1 1 1, 29"
== 2t2 —— | 7.10
llogq 4 .5 (1+¢) (7.10)

The desired result is now obvious for ¢ — 0, and hence for all ¢ € (0, 1) since
the domain function L(z, «) is continuous with respect to ¢. Cf. [2, Chapter
3].

Finally from (7.1), we obtain

Ko, (2, DKy, (2, i) » 7K (z, ) (1.11)
and
Ko, (u, u)K, ,(u, u) > 7K (u, u). (7.12)
Suppose that the inequality :
7 JJ oGP ax o
<3p [P g L [ e Z2 )

were valid for all ¢ and ¢ € H,(G). Then, for ¢(z) = K, ,(z, #) and §(z) =
K, ,(z, u), we have

v I Ko DK (2, P e b < Koy (1 D, ()
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From the extremal property of K (z, u) [2, pp. 21-23], we have

_ 2
Ko:(z’ u)K, ,(z, u)
Ko, (u, w)K, ,(u, i)

< 1
Ko, (u, 0)K,,(u, u)

which implies a contradiction with (7.12).

Establishing (7.11) for an arbitrary compact bordered Riemann surface
seems to be an interesting problem. The inequality (7.11) implies a
phenomenon more delicate than that in the case of the exact Bergman kernel.
Cf. [12].

For example, (7.12) implies the following inequalities (for doubly-connect-
ed regions) which we list without proof.

Let K%(z, u) and LE(z, u) denote the exact Bergman kernel and its adjoint
L-kernel, respectively.

(I) Inequality

dx dy

ﬂK(u, u) ff

LE(t, 0)/Z,(DZ, (1) > 0
was known, but (7.12) implies that

LE(1, 1) 1
Z\(OZ,(t) " [l ()P dxdy
(I1) K, (8, 0)(Koi (1, £) — 7K (1, 1))
=K. (¢, t,)(K,,(t,, 1) = =K (1, t))
(111) L(ty, Ky, (1, £)/ WGty £) > 0.
(IV) /7> K(t,)/K,, (1, 1,)-
KE(t,t K(t,t
(V) ~—(_t)—— <0, but —_——Ef‘_t_) > 0.
Z,(1)Z, (1) Z, (1) Z,(?)
(VD) If B, is a canonical cut connecting the two boundary components of
G, then
fﬂl(j;llf(z,ii)zdz)zi+fal (f&l:(z,u)zdz)du >0,
but

L.(L, Ko (2, w)K, ,(z, u) dz)% +L. (L. Ly, (z, u)L, (2, u) dz) du < 0.
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There are also some connections here with the identity (39) in [4].
Finally, we remark that in contrast with the inequality (7.13), the inequality

2 "(2)dz|?
(% [ 1@ dx dy) <35 [ U@Faw@E 5 [ f,f,(yz()z ,')

is valid on any compact bordered Riemann surface G, as we see easily from
the Green-Stokes formula. Cf. [2, p. 59].

8. Multiplicative functions. The integrals in the fundamental inequality (2.3)
can still be considered in the case of multiplicative functions ¢ and y. We
shall show that (2.3) is not, in general, valid, in this wider class. We assume
that G = (g < |z| <1}, 9(2) = exp(T,W,(2)) and §(2) = exp(T,W,(2)),
where W, denotes 2 dw,(z)/ 93z and w, is the harmonic measure of {|z| =
on G. Further I'; and I, denote real numbers. Then, we have

-1
T, N 1) [1- g@+T/kga+D]

LSS loener axd = (S

(8.1)

and
3 [ _1e@P el 5 [ WP e

=[1+ gexp(2l,)][1 + g exp(2T})]. (8-2)
TakeI'; = T, = —(1/2) log q and ¢ such that —2 log ¢ > 4. This yields:

~2logg = [ le@WIF dx

2,, f lp(2)P 1z 27 fa Gw/(z)l’ |dz| =4,  (83)

which implies the desired result.

We note that ¢(z) = Y(z) = z~'/? in this case and that this function
belongs to the L,-section for e = 1 {}}. Cf. [4, p. 125] and [5, pp. 94-95]. For
the Szegd kernel K, (z, i) of this section, the identity

K(z, @) = 47K (z, @)’ + CHQZ,(u) Z,(2)

is still valid, as in (2.5) (cf. [12]), but from the fact (8.3) and Theorem 2.1, we
see that

K(z, @) < 41K, (z, @), ie. C{9<0, (8.4)
and

K (u, @) < 47K, (u, @)’. (8.5)
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Again this fact seems to imply a phenomenon more delicate than that in the
case of the exact Bergman kernel. Cf. [12].
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